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What can we say about
the distribution of primes?

w(z) = Z 1

p<z

Mathematicians tried to study the asymptotic behaviour of this function.
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Prime Number Theorem

() ~

logz




What can we say about the distribution of primes
in arithmetic progression?

w(z; a, q) = Z 1

p<w
p=a mod ¢

Mathematicians tried to study the asymptotic behaviour of this function.
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Dirichlet Theorem

lim 7(z;a,q) =00 < (a,¢9) =1

T—» 00

From now on we consider a, ¢ s.t. (a,q) = 1.
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We would like to do more

w(z; a,q) = Z 1

p<z
p=a mod ¢q

o There are ¢(q) elements coprime with g.
o We expect that primes equally distributes in each of the ¢(g) congruence classes.
Ideally:

™™ a NM
(wa,0) e(q

=
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PNT for arithmetic progressions




What about the error term?

Clearly:

m(za,q=—— +of —
YT Tog - o(g) log

But we would like to have a more precise estimate.

This is the starting point of the Bombieri-Vinogradov theorem.
Before stating the BV theorem, we rewrite w in a different way
(less intuitive, but more usable).
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Replacing 7 with 6

0(z0,9):= > logp

p<z
p=a mod ¢

0(z;a, 0(t;a,
™l 0 0) = S+ S S e
0(z; a, q) = w(z; a, q) logz — f; Mdt

So that we can work with 6 and then convert
any estimate into an estimate for w, and vice-versa.

However, 0 is still not the most convenient form to work with.
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Replacing 6 with 1

b(zaq= Y A

n<lz
n=a mod ¢

= > logp

pF<a
pkza mod ¢

¥(x; 0, 9) — 0(z; a, q) € O(a* (log 2)%)

Observation J




In a nutshell

. 9<o@®w% "




What can we say about 7

Observation

If we assume GRH

»(w; a,q) = W + O(22 (log 7)°)

Equivalently:

¥(z; a4, q) — — € O(a? (log 2)?)

SO
v(q)
We can consider

Al g) = : Y
(z; q) = (max, sup Y(y; a, q) (2

This object represent the maximum possible error for any congruence class modulo ¢
for numbers < z.

Z A(z; q) € O( o7 Q) (barring logarithms)
9<Q
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What can we say
without assuming GRH?
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The strongest known result for
an individual pair a and ¢ is the following:

Theorem (Siegel-Walfisz)

Fix a real number A > 0. If (a, q) = 1 and ¢ < (log )", we have

¥(z; ¢, a) — 2@ < Oa(z exp(—cy/log 7))

So that:

S A(s; g) € O(Qr exp(—cy/log z)

<Q

Still worse than our previous estimate with GRH.
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Another estimate

q)‘
< max, sup{|1/)(?/; a, )|, ‘ﬁ’}

< max {\wu; a,q)|, ‘@’} < (%)

A(z; ¢) := max sup
(a,0)=1 y<z

U(y; a,q) — >

Observation

zlogx
T a,q) = A(n —|—110 TN ———
¥(z; a, q) > ) log .

nlx
n=a modgq

q % zlog(g+ 1) zlogx
> —— <K <
log(g+1) ©(q) q q
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zlogx

(x) <
So that
I
> Awg <y BB
<@ <o ¢
< 1(log z) (log Q)
< z(log x)2




Results comparison

Q= (logz)" Q=ar
O(zl+6>
GRH: r— 00
0(z% Q)
O
Our estimate: (=) Z— 00
O(a(log x)*)
SW:

0(Qu exp(—cy/Toga))

T —r 00

Figure: Asymptotic growth of 3° - o A(z; g).

1
The more interesting case is given by @ < z2.




The main theorem

Theorem (Bombieri-Vinogradov)

Fix A> 0. For all z> 2 and all @ € [z% (log z) =4, x%], we have

> Az g) < 2% Qogz)”

q<Q

where the absolute constant depends only on A.

(University of Trento)
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© Dirichlet characters




A useful tool: Dirichlet characters

Definition
A Dirichlet character (of period g) is a function x : Z — C which is:
@ periodic modulo g¢;
@ totally multiplicative (x(nm) = x(n)x(m));
@ satisfies x(1) = 1;
@ satisfies x(n) = 0 whenever (n, q) # 1.

Example (Principal character modulo g)
1 if (n,q) =1
xo(n) := {O otherwise

So that, if ¢ = 10, the result is

n  |0]1]2[3]4][5]6]7]3
xom) [O|1]0|L1]0]0]O][1]0]1
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Dirichlet characters (mod 2)

Dirichlet characters (mod 3)

=

=)
=N

3
P
=
—
—

Observation

#{x mod ¢} = ¢(q)

ty of Trento)




Two types of characters:

primitive and imprimitive
Suppose we have a Dirichlet character mod 5
n 0Oj1]2/|3 4
xi(n) [0 |1 |4 | —i]|1

We would like to build a new character mod (2 - 5) starting from x1

n 0|1|123|4|5|6]|7|8]|9
xz2(n) | O 0 0[0]0 0

Now we fill the remaining values:
n 01213 4156|789
x2(m) |O|1]0] —i|0]0]0]d|0]|1

Formally: x2(n) = x1(n)xo(n).

Observation
Maps build up in this way are indeed characters.

(University of Trento)
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Why are we making this distinction?

o Every imprimitive character is induced by a unique primitive character with a
smaller period.

o Lots of estimates in number theory involve primitive characters.
¢

We will convert sums over characters into sums over primitive characters, and try to
estimate these objects.
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One last object...

Definition (The twisted-psi function)

bl x) =Y x(n)

n<lz

..which connects characters and primes

Proposition
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Another advantage
Theorem (Sieleg-Walfisz variant)

o A>0;

o ¢ < (logz)™;

o x Dirichlet character modulo gq.
Then:

¥(@5 x) — 0(x)7 <a zexp(—cy/logz)
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© Main proof




ZAQE,

9<Q

<<9E2

The Bombieri-Vinogradov theorem

Q(log z)




(8)

We have to bound the following expression:

A(z; q) maX sup |¢¥(y; a, q) — S (%)
qSZQ ,KZQ 1y<y »(q)
Observation
V(g a,q) = 2@ X;;d qx(a) V(Y x) f(a,q) =1
y=y- Y )=y >, x(@x)= > x(@)(x)
x mod ¢ x mod ¢ x mod q
1 - -
‘zp(y;a ? Wi)‘ =g | X @vwn —X(a)5(x)y‘
< w(lq) > W) =300y
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(7)

Z Z sup|w (1, x) = 0(x)yl = (%)

g< Q Xmodq

Now we would like to apply the following estimate.

Theorem (Basic Mean Value Theorem)

Let
Z e > sup (35 X")|
q<Q x*modg ¥
Then
(5 Q) < (o+ 28 Q-+ 44 ¢*) (og )’
Problems

o sums over different characters;
e sup over different functions;

(University of Trento)
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(6)

First we try to reduce our estimate to a sum over primitive characters

How to do it?

We have an arbitrary character x mod ¢, and we know that for some ¢*|q there is a
primitive character x* mod ¢* which induces x.

1
We would want to believe that 1 (y; x) and ¥(y; x*) must be close.
1

In this way we can sum on primitive characters and pay this exchange with a
(hopefully) acceptable error.

Proposition

U(y;x) — (3, x7) € O((logy)(log q))

July, 2022



Z 5 2 s lv(0 =600

q< Q Xmodq

= - > > (Suplib(y, ") - (x*)y|+0(10gq-10gx)>

qSQw(Q) ¢*|g¢ x*modg* yse
1 * *
<YLY S (swlua) -6+
qSQSD 1 ¢*|g x*modg* ysz

+ ﬁz 3 (O(logq-logm))

¢*|q¢ x*modg*

Observation

The second term is O(Q - (logz)?), and can be pulled out, and we are left to work
with the first sum only.
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(4)
The first sum is

Z Z D0 sw (s xT) — 60 )y

1= P\ 2 xrmodgr VST

< (... standard estimates ...)

Zk’g@ > sup ()~ )

= ©(q)

X modq

Theorem (Siegel-Walfisz variant)

Suppose that A4 > 0 is a fixed real number. When ¢ < (log w)A and yx is a Dirichlet
character modulo ¢, we have

P(7;x) = 6(X)7 <4 z- exp(—c(y/log 7))

where c is an absolute positive constant

!

We can try to split the above summation.
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(3)

> 1%3 > sup[v(ux) = 5"l < (oga)(l0g2)"w exp(~e(v/log)
q<(log z)4

X modq
—A

< estimates with @ > o7 (log z)
1 5
< 72 Q(log 7)
Now we have to deal with the remaining sum

3 1°§q§2 > swp ()~ 0

(log )4 <q¢<Q x*modg ¥

Observation

In this sum ¢ is always greater than 2.
= Every primitive character x* modulo ¢ is non-principal.
= §(x*) =0.
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It remains thus to deal with

log @
> ) > sup [y, x X =

(log z)A<q¢<Q x*modgq ¥

Our aim (BMVT term)
_ q
T(z, Q) =Y D . > sgplw(y,

<Q

(%)

We are almost done, we just have to
o get rid of the log @ factor;
@ have a ¢ factor inside the sum;

o adapt the sum.

(University of Trento)
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Without going too technical

@ Apply the previous modification;
@ use some easy estimates and some known results in number theory;

o apply the BMVT theorem;
() < 2% Q(log 2)°

(University of Trento)
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(0)

Bombieri statement

!

BMVT
Siegel-Walfisz

Partial Summation

!

Bombieri theorem




@ Extra: The large sieve




Why?

We used without proof the BMVT (quite technical proof).

Among technical results, the proof involves a particular tool (the large sieve),
which is useful in many other fields in number theory.

!

Makes more sense to talk about the large sieve.
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What is a large sieve inequality?

o N,M,Q€N;
@ (an)n sequence of real numbers;

o S(a) := Zgiﬁil ane(na)

Then we would like to have a function A(N, Q) s.t.

q a 2 N+M
D S(,) AWM Q S Jal?
q<Q a=1 q n=M+1

(a,q)=1

An inequality of this form is called a “large sieve inequality”.
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Observation

There is at least a function A(N, Q) which satisfies

@ 2 N+M
(7)‘ DNQ S
q<Q(a,q) 1

n=M-+1
Indeed applying Cauchy-Schwarz
L (=5 3 | 3, et
=9 lam

(University of Trento)
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What do we want from this inequality?

@ Find good functions A which satisfies the inequality;

@ instantiate the inequality with parameters N, M, @, (a,) of our choice to get
bounds for particular expressions.
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Best result

AN, Q) :=N-1+¢

works, and this is the best possible bound that can be obtained.
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Getting more general

Where are we summing over?

2
>3 [s(4)]
9<Q , a=1 4
(a,q)=1

4 are all rational number in [0, 1] whose denominator in reduced form is < Q.

We denote this set with Fg

Observation

Fq is equidistributed with level 1/Q2, ie. for all o, 8 € Fo

1
llee=Bll 2 o5
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We can rewrite the large sieve inequality in the following way:

M+N
Do IS@P AN, Q) Y fauf
OéE]:Q n=M+1

Observation

This new formulation suggests that we could try to establish the inequality with
more general sets (maybe equidistributed).
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We try to substitute Fg with a general equidistributed Fs.
We now look for a function Ag(N, d) s.t.

M+N
Do IS@F < Xo(N,6) D faal®
aeFs n=M+1

Observation

If we find a bound Ao for this inequality, then the large sieve inequality works with

ws0-n(1)
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Best result

Mo(N,8):=N—1+46"

works, and this is the best possible bound that can be obtained.

(University of Trento)



The large sieve: applications

o (Bombieri) Basic mean value theorem;
o (Linnik) Distribution of quadratic nonresidues;

o (Rényi) Every large even number 2n can be expressed in the form
2n=p+ Py

where p is a prime and Py is the product of at most k primes.
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Recap

What did we see?

o Framework;

@ tools:
> Dirichlet characters;
> large sieve inequality;

@ main proof.
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Thanks
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